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Stripe width variation in ultrathin magneti lms is a well known phenomenon still not well
understood. We analyze this problem onsidering a 2D Heisenberg model with ferromagneti ex-
hange interations, dipolar interations and perpendiular anisotropy, relevant e.g. in Fe/Cu(001)
lms. By extending a lassi result of Yafet & Gyorgy (YG) and using Monte Carlo simulations
we alulate the omplete zero temperature phase diagram of the model. Through this alulation
we analyze the orrelation between domain walls struture and stripe width variation, as the per-
pendiular anisotropy hanges. In partiular, we found evidenes that the reently deteted anted
state beomes the ground state of the system lose to the Spin Reorientation Transition (SRT)
for any value of the exhange to dipolar ouplings ratio. Far away of the SRT the anted ground
state is replaed by a saturated stripes state, in whih inplane magnetization omponents are only
present inside the walls. We nd that the domain wall struture strongly depends on the perpen-
diular anisotropy: lose to SRT it is well desribed by YG approximation, but a strong departure
is observed in the large anisotropy limit. Moreover, we show that stripe width variation is diretly
related to domain wall width variation with the anisotropy.
PACS numbers: 75.40.Gb, 75.40.Mg, 75.10.H
Keywords: ultrathin magneti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I. INTRODUCTION
Pattern formation in ferromagneti thin lms with
perpendiular anisotropy and its thermodynamial
desription have been the subjet of intense experimen-
tal
1,2,3,4,5,6,7,8,9,10,11
, theoretial
12,13,14,15,16,17,18,19,20
and numerial
21,22,23,24,25,26,27,28,29,30
work in the last
20 years. Magneti order in ultrathin ferromagneti
lms is very omplex due to the ompetition between
exhange and dipolar interations on dierent length
sales, together with a strong inuene of shape and
magnetorystalline anisotropies of the sample. These in
turn are very suseptible to the growth onditions of the
lms
8,31
.
Among the dierent magnetization patterns that have
been observed in these systems, striped order (i.e., modu-
lated patterns of loal perpendiular magnetization with
a well dened half-wavelength or stripe width h) at low
temperatures is an ubiquitous phenomenon. One in-
triguing fat is the strong variation displayed by the
equilibrium stripe width h in many of these systems,
when either the temperature or the lm thikness is
hanged
3,4,5,7,9,10
. The origin of suh variation is still
ontroversial, but reent results suggest that a key point
to understand it is the role played by the interfaes (i.e.,
the domain walls) between stripes
9
. Thus, a starting
point to study this problem is to ompare the energies
of striped patterns with dierent domain wall ongu-
rations. An aurate desription of the domain walls
requires to take into aount not only the perpendiu-
lar omponent of the loal magnetization, but also the
inplane omponent. Indeed, some experimental results
4
are onsistent with the presene of Bloh domain walls,
as expeted for perpendiularly oriented magnetization
domains
32
.
To ompute the energy ontribution of domain walls
it is important to onsider expliitly the out of plane
anisotropy, together with the exhange and dipolar in-
terations, whose ompetition is the responsible for the
appearane of striped patterns. A minimum model that
ontains all these ingredients is the 2D dimensionless
Heisenberg Hamiltonian:
2H = −δ
∑
<i,j>
~Si · ~Sj +
∑
(i,j)
[
~Si · ~Sj
r3ij
− 3 (
~Si · ~rij) (~Sj · ~rij)
r5ij
]
− η
∑
i
(Szi )
2
(1)
where
~Si are lassial unit vetors, the exhange and
anisotropy onstants are normalized relative to the dipo-
lar oupling onstant (δ ≡ J/Ω, η ≡ K/Ω), < i, j >
stands for a sum over nearest neighbors pairs of sites in
a square lattie, (i, j) stands for a sum over all distint
pairs and rij ≡ |~ri − ~rj | is the distane between spins i
and j.
In the large anisotropy limit η →∞ this model redues
to an Ising model with short range ferromagneti and
long range antiferromagneti interations, whose ground
state is the striped one
25
. In that limit the stripe
width inreases exponentially with the exhange to dipo-
lar oupling ratio
21,26 h ∼ exp(δ/2). For low values of
the anisotropy, the ground state of this model hanges
to a planar ferromagneti state
13
. In a lassi work,
Yafet and Gyorgy omputed the energy of striped do-
main ongurations with Bloh domain walls, by on-
sidering a sinusoidal (perpendiular) magnetization pro-
le at the walls and saturated magnetization inside the
stripes
13
. They found that above ertain threshold value
η > ηmin a striped onguration has less energy than
a uniformly (inplane) magnetized one. At this point
the system shows a Spin Reorientation Transition (SRT).
Also within this approximation the stripe width shows an
exponential inrease with the anisotropy strength, while
the domain wall width dereases algebraially for large
enough values of η, at least for large values of δ. This
approximation is expeted to work well lose to the SRT,
where the eetive anisotropy is small
18
. However, for
large values of δ and η not too lose to the SRT (i.e.,
when the width of both stripes and walls are large) one
an expet a large departure in the wall energy ontribu-
tion with respet to the true domain wall onguration,
whih should approah a hyperboli tangent prole
32
.
Another important point onerns the inplane mag-
netization omponent inside the stripes. In their work
Yafet and Gyorgy onsidered striped solutions where the
only inplane omponents lay inside the walls, although
they pointed out how to extend their alulations to on-
sider nonsaturated magnetization inside the stripes
13
.
Based on that alulation, Politi
18
reported that, at least
for large enough values of δ, the magnetization should
show an abrupt saturation very lose to the SRT, sug-
gesting that the inplane omponent inside the stripes is
not relevant. However, reently Whitehead et al
30
ob-
tained evidenes of a nonsaturated ground state at a
relatively small value of δ for a wide range of values of
the anisotropy strength η. Their numerial results also
showed a orrelation between the stripe width and the in
plane omponent variations and suggest that this ground
state onguration stabilizes at nite temperature, giv-
ing rise to what they alled a anted" phase. Hene, it is
important to revise the zero temperature phase diagram
of this model in the whole (δ, η) spae, inluding anted
ongurations, in order to determine to what extent they
an be relevant to real systems and their possible inu-
ene to the stripe width variation phenomenon.
It is worth noting that the perpendiular anisotropy
hanges (inversely) with the lm thikness
29
. It has also
been pointed out that the hanges in the lm thik-
ness an at as a hange in the eetive temperature
3
.
Hene, understanding the variation of the equilibrium
stripe width and the assoiated domain wall struture
as the anisotropy hanges at zero temperature an be of
great help to understand the orresponding properties a
nite temperature, a far more omplex problem.
In this work we analyze the omplete equilibrium phase
diagram at zero temperature in the (δ, η) spae of Hamil-
tonian (1). Following Yafet and Gyorgy's work, we only
onsider straight domains, i.e., domains in whih the spin
orientation an be modulated along the x diretion but is
onstant in the perpendiular diretion y ((x, y) are the
oordinates on the plane of the lm ). We also onsider
only Bloh walls, i.e., walls in whih the magnetization
stays inside the yz plane. In order to larify notation
and units, and to inlude some extensions, we briey re-
view Yafet & Gyorgy's approximation in Appendix A. To
obtain the phase diagram we ompute the energy of dif-
ferent types of magnetization proles and ompare them
with simulation results obtained through a zero temper-
ature Monte Carlo (MC) method speially designed for
the present purposes. The MC method is presented in
Appendix C. In setion II we derive a general expression
for the energy of striped magnetization proles. The zero
temperature phase diagram and assoiated properties are
derived in setion III. A disussion and onlusions are
presented in setion IV.
II. ENERGY OF STRIPED MAGNETIZATION
PROFILES
Let us onsider a square lattie with N = L × L
sites, haraterized by the integer indexes (x, y), where
−L/2 ≤ x ≤ L/2 and −L/2 ≤ y ≤ L/2, in the limit
L → ∞. Hene, the index i in Eq.(1) denotes a pair
of oordinates (x, y). Following YG approximation13, we
onsider only uniformly magnetized solutions along ev-
ery vertial line of sites, i.e.
~S(x,y) = ~M(x), ∀y and allow
only Bloh walls between domains of perpendiular mag-
netization, i.e. Mx(x) = 0 ∀x. Therefore,
3∣∣∣ ~M(x)∣∣∣2 = [Mz(x)]2 + [My(x)]2 = 1. (2)
Then, for every value of x there is only one independent
omponent of the magnetization.
YG showed that for these types of spin ongurations
the energy per spin an be mapped onto the energy of
a one dimensional XY model. The energy dierene be-
tween an arbitrary magnetization prole
~M(x) and a uni-
formly inplane magnetized state is then given by (see
Appendix A 1):
e
[
~M(x)
]
= (δ − 2c2)− δ
′
L
∑
x
~M(x). ~M (x+ 1) +
1
L
∑
x,x′
Mz(x)Mz(x′)
|x− x′|2 −
κ′
L
∑
x
[Mz(x)]
2
+ C (3)
where δ′ = δ − 2 c1, κ′ = η − 3 g, c1 = 0.01243 . . ., c2 =
0.07276 . . ., g = 1.202057 . . . and
C ≡ C [My(x)] = 2(c2− c1) 1
L
∑
x
My(x)My(x+1) (4)
Although small, this orretion term makes a non negli-
gible ontribution when the domain walls are of the same
order of the lattie onstant. This happens for small val-
ues of δ (δ < 5), where both the stripe and wall widths
are of the order of a few lattie spaings. For larger values
of δ it is reasonable to assume a smooth magnetization
prole
13 My(x+ 1) ≈My(x), so that
C ≈ 2(c2 − c1) 1
L
∑
x
[
1− (Mz(x))2
]
(5)
an be absorbed into the anisotropy term in Eq.(3), re-
plaing κ′ → κ = η − 3 g + 2(c2 − c1).
Considering now a stripe-like periodi struture of the
magnetization prole with period 2h, i.e.
Mz(x+ h) = −Mz(x), (6)
we an make use of a Fourier expansion:
Mz(x) = M0
∑
m=1,3,...
bm cos
(mπ x
h
)
, (7)
where we have assumedMz(x) an even funtion of x just
for simpliity.
The anisotropy term in Eq.(3) an be written as
ean = − κ
′
2h
2h∑
x=1
[Mz(x)]
2
= −κ
′M20
2
∑
m=1,3,...
b2m, (8)
and the dipolar term
13
edip =
1
L
∑
x,x′
Mz(x)Mz(x′)
|x− x′|2 = M
2
0
∑
m=1,3,...
b2mDm(h),
(9)
where
33
Dm(h) ≡
∞∑
u=1
cos (mπ u/h)
u2
=
π2
6
− π
2m
2h
+
(πm
2h
)2
.
(10)
In the general ase, it is better to let the exhange term
(and the orretion term C as well) in Eq.(3) expressed
in terms of the angle φ(x) between ~M(x) and the z axis:
Mz(x) = cos [φ(x)] (11)
My(x) = sin [φ(x)] (12)
where the angle φ(x) has the same periodiity of ~M(x).
We have that
eexc = −δ 1
L
∑
x
cos [φ(x) − φ(x+ 1)]. (13)
Putting all the terms together we get the general ex-
pression:
e
[
~M ; δ, η
]
= (δ − 2c2)− δ′ 1
L
∑
x
cos [φ(x) − φ(x+ 1)] +M20
∑
m=1,3,...
b2mDm(h)−
κ′M20
2
∑
m=1,3,...
b2m + C. (14)
III. ZERO TEMPERATURE PHASE DIAGRAM
In this setion we look for the minimum of Eq.(14)
for dierent values of δ, η. We propose dierent striped
magnetization proles Mz(x) and ompare the energies
4obtained by minimizing Eq.(14) for eah prole with re-
spet to variational parameters.
A. Small values of δ: Sinusoidal Wall
magnetization Prole (SWP) approximation
We rst onsider a prole as proposed by YG, that is
onstant inside the stripes and has a sinusoidal variation
inside the walls between stripes (see Fig.1 in Ref. 13):
Mz(x) =


M0 if 0 ≤ x ≤ h−w2
M0 cos
(
pi(x−(h−w)/2)
w
)
if
h−w
2 ≤ x ≤ h+w2
−M0 if h+w2 ≤ x ≤ h
(15)
where M0 is the absolute value of magnetization inside
the stripes and w is the wall width. In order to allow
for anted proles, we take M0 = cos θ, where θ is the
anted angle, i.e. we dene it as the minimum angle of
the loal magnetization with respet to the z axis. Yafet
and Gyorgy solved this variational problem for M0 = 1
in the ontinuum limit
13
, i.e. when h ≫ 1 and w ≫ 1,
so that the prole an be onsidered a smooth funtion
of x. While this approximation is expeted to work well
for large enough values of δ, it breaks down for relatively
small values of it, where the disrete harater of the
lattie has to be taken into aount. However, the varia-
tional problem for that range of values of δ an be solved
exatly (although numerially) by minimizing Eq.(14)
with respet to the integer variational parameters h and
w and ontinuous parameter θ. In other words, for every
pair of values (δ, η) we evaluate the energy Eq.(14) for the
prole (15) with dierent ombinations of h = 1, 2, . . .
and w = 1, 2, . . . within a limited set. For every pair
of values h,w,we look for the value of θ that minimizes
the energy with a resolution ∆θ = 0.01 and ompare all
those energies. Details of that evaluation are given in
Appendix B. This alulation is feasible for values up to
δ = 10, for whih the maximum value of h (bounded by
the stripe width in the η → ∞ limit) remains relatively
small (smaller than h = 140). Some results for δ = 12
lose to the SRT were also obtained. All the results of
this alulation are ompared against Monte Carlo (MC)
simulations. Details of the MC method used are given
in Appendix C. Through these alulations we obtain a
zero temperature phase diagram for low values of δ.
Before presenting the results, it is important to intro-
due some notations and denitions of dierent types of
solutions. We distinguish between four types of solutions.
If the minimum energy solution orresponds to w = 1 and
θ = 0 (within the resolution ∆θ), we all this a Striped
Ising Prole (SIP), i.e. a square wave like prole. If θ = 0
but w > 1, we all this a Saturated State. These states
show a nite parallel omponent of the magnetization in-
side the walls. If 0 < θ < π/2 the solution is a Canted
State. Finally, if θ = π/2 (M0 = 0) we have a Planar
Ferromagnet (PF).
The zero temperature phase diagram for small values of
δ (δ ≤ 5) is shown in Fig.1. For relatively large values of
η the minimum energy onguration is always the Ising
one (SIP), with a stripe width independent of η. For
small values of η the minimum energy onguration is
the PF, with a spin reorientation transition line (SRT),
either to the Ising state for h < 3 (δ ∼ 2)) or to a anted
one for h ≥ 3 (δ > 2). No Saturated State ongurations
are observed for δ < 6.
Inside the anted region, a strong stripe width varia-
tion with the anisotropy is observed at onstant δ . Note
that the vertial lines that separate Ising striped states
with onseutive values of h bend inside the anted re-
gion and beome almost horizontal as δ inreases. Hene,
the exponential inrease of h with δ in the Ising region
(vertial lines) hanges to an exponential inrease with η
deep inside the anted region (urved lines on the right
of Fig.1).
We also nd an exellent agreement between the si-
nusoidal wall prole approximation and the MC results,
exept lose to the transition between the Ising and the
anted states. Suh disagreement is due to the fat that
the atual wall is not well desribed by a sinusoidal pro-
le far away of the SRT line, as will be shown later. In
Fig.2 we show a omparison between the energy of the
SWP and the MC results as a funtion of η for δ = 4.58.
The range of values of η where the walls are not well
desribed by a sinusoidal prole inreases with δ.
For large enough values of δ the variational problem for
the SWP an be solved in a ontinuum approximation
introdued by YG
13
. This leads to the equations (see
Appendix A 2):
5FIG. 1: (Color online) Zero temperature phase diagram for
small values of δ. Blak lled symbols and blak solid lines:
MC simulations. Open red symbols: SWP approximation.
Squares and ontinuous blak lines orrespond to transition
lines between striped states of dierent width. The shaded
region orresponds to the Canted State (0 < θ < pi/2).
Triangles are transition lines between Planar Ferromagnet
(θ = pi/2) and Canted States (Spin Reorientation Transition
line). Cirles mark transitions between the Canted and the
Stripes Ising state (θ = 0 and w = 1). Notie the exellent
agreement between the MC and SWP alulations lose to the
SRT, while the SWP approah underestimates the transition
line between the anted and Ising Stripes states. The dotted
line orresponds to the ontimuum approximation of YG for
the SRT (Eq.(19)).
δ k
∆
=
π
2
G(∆)(1 + sin θ) (16)
δ k2
∆2
= −
[
γ + π k
dG
d∆
]
(1 + sin θ) (17)
δ k2
2∆
= −
[
2γ
(
1− ∆
2
)
− π k G(∆)
]
sin θ, (18)
where ∆ ≡ w/h, k ≡ π/h and γ = π2/3− κ. In the limit
∆ → 1 (pure sinusiodal prole) these equations an be
solved analytially and predit a SRT at the line
ηSRT (δ) = a− π
2
2δ
(19)
with a = π2/3+ 3g− 2(c2− c1) (see Appendix A 2). The
line Eq.(19) is also depited in Fig.1. Notie the disagree-
ment between the ontinuum approximation and the ex-
at one for δ ≤ 5. This disrepany beomes smaller than
1% only for δ > 7.
For arbitrary values of η and δ Eqs.(16)-(18) an be
solved numerially. In Fig.3 we show the numerial so-
lutions for θ and h as a funtion of η for dierent values
of δ. We see that the range of values of the anisotropy η
for whih the anted angle is appreiable dierent from
6 7η
-1
-0.5
0
e
SR
T
PF
Canted
State
Ising
Stripes
SIP (h=9)
M C
SWP
FIG. 2: (Color online) Energy per spin (with respet to the
PF state) vs. η for δ = 4.58 within the SWP (full red line)
and MC alulations (lled blak irles). Open blak irles
orrespond to the energy of a Striped Ising Prole (SIP) with
h = 9 (equilibrium value for η → ∞).
zero within this approximation is strongly depressed as
δ inreases. For values δ ∼ 100 the anted onguration
almost disappears, exept very lose to the reorientation
line, onsistently with the results reported by Politi
18
.
Indeed, from our MC simulations, we observe that the
range of values for whih the anted state has the min-
imum energy gradually shrinks as δ inreases, being re-
plaed by a saturated state for values of η above ertain
threshold. This an be observed in Fig.4, where we show
the behavior of the anted angle and the inplane magne-
tization omponentM|| = (1/L)
∑
xM
y(x) as a funtion
of η for δ = 7.5. The Monte Carlo data shows the exis-
tene of a wide range of values of η for whih the anted
angle is zero whileM|| 6= 0, meaning that the non null in
plane omponents are onentrated inside the walls. In
other words, in that region we have a saturated state with
thik walls w > 1. Notie also that the SWP approah
ompletely fails to desribe those states. Moreover, we
observe from our MC simulations that the SWP ease
to be the minimum energy solution for values of η rela-
tively lose to the SRT, well before the saturated state
sets up (see Fig.4). This eet beomes more marked as
δ inreases.
B. Large values of δ: Hyperboli Wall
magnetization Prole (HWP) approximation
As already pointed out, the atual magnetization pro-
le departs from the SWP for large values of η and δ.
This is expeted from miromagneti theory, whih in
that limit predits that the wall struture will be domi-
nated by the interplay between anisotropy and exhange,
leading to an hyperboli tangent shape of the wall
32
. This
an be observed in Fig.5. Hene we onsidered a peri-
6FIG. 3: (Color online) (a) Canted angle θ and (b) equilibrium
stripe widht h, as a funtion of the anisotropy η for dierent
values of δ from the ontinuum approximation of the SWP
Eqs.(16)-(18). The full grey line at the left orresponds to the
SRT borderline given by Eq.(19) with h = δ (see Appendix
A2).
odi magnetization prole with hyperboli tangent walls
(HWP) dened, for a wall entered at x = 0, by
Mz(x) = M0 tanh
(
x
lw
)
for −h/2 ≤ x ≤ h/2, (20)
together with Eq.(6) where M0 = cos θ as before. In
the large δ limit, assuming a smooth prole h ≫ 1 and
lw ≫ 1, the anisotropy energy an be expressed as:
ean = − κ
L
∑
x
[Mz(x)]
2
≈ −κM20
[
1− 2 lw
h
tanh
(
h
2 lw
)]
. (21)
The exhange energy an be obtained in a similar way:
0
0.2
0.4
0.6
0.8
1
M||
M||θ
Canted
State
Saturated
State
Is
in
g 
St
rip
es
7 8 9η
0
pi/8
pi/4
3pi/8
pi/2
θ
FIG. 4: (Color online) Canted angle (irles) and in-plane
magnetization (squares) as a funtion of η for δ = 7.5. Filled
blak symbols orrespond to MC alulation. Open red sym-
bols orresponds to the disrete SWP approximation, while
the red doted and dashed lines orrespond to the ontinuum
(YG) approximation of the SWP. Continuous blak and red
lines are only a guide to the eye.
eexc ≈ −δ + δ
L
L∑
x=1
(
dφ(x)
dx
)2
≈ −δ + δ
hlw
∫ h/2lw
0
seh
4u
M−20 − tanhu
du. (22)
Solving the last integral we nally obtain
eexc = −δ
[
1− lw
h
(
M20 − 1
M0
tanh−1
(
M0 tanh
(
h
2lw
))
+ tanh
(
h
2lw
))]
. (23)
The dipolar energy an be alulated using Eqs.(9) and
(10). The Fourier oeients for the prole (20) an be
omputed using the approximation (D1) (see Appendix
D). This leads to an expression for the total energy as a
funtion of the variational parameters h, θ and lw that
an be minimized numerially. Comparing the minimum
energy solution for the SWP and the HWP we obtain
the rossover line between sinusoidal and hyperboli wall
7struture shown in Fig.6 (dashed line). Above that line
the HWP has always less energy than the SWP. We also
alulated the transition line between the anted and the
saturated states by setting the ondition θ = 0.01, to
be onsistent with the riterium used in the MC alula-
tions. The results are shown in Fig.6 together with the
SRT line Eq.(19), and ompared with MC alulations
up to δ = 15. The exellent agreement with the MC
results gives support to the analyti approximations.
For large values of η the exponential inrease of h
makes it umbersome to apply the approximation of Ap-
pendix D for the alulation of the dipolar energy. In-
stead of that, we an use the following heuristi argument
to obtain a reasonable approximation. The main error in-
trodued by the SWP approah is in the exhange and
anisotropy ontributions to the energy. Sine the main
ontribution to the dipolar energy is given by the inter-
ation between domains, we an assume that the dipolar
ontribution of the wall is relatively independent of its
shape. Hene, we an approximate it by Eq.(A13). Fur-
thermore, taking w = f lw (f is a tting parameter of or-
der one to be xed later) in the limit ∆≪ 1 (lw/h≪ 1),
G(∆) is very well approximated by4
G(∆) ≈ 8
π2
ln
(
6π
5∆
)
(24)
Assuming then
edip = M
2
0
[
π2
(
1
3
− f lw
6h
)
− 4
h
ln
(
6πh
5f lw
)]
, (25)
we ompare the energy obtained with the above equation
with that obtained using the approximation of Appendix
D for dierent values of the system parameters. We ver-
ied that the error made by the approximation Eq.(25)
taking f = 4 is always smaller than 1% for h/lw ≥ 20.
We also observe that the best agreement with the MC re-
sults is obtained for f = 4. Assuming then M0 = 1, the
total energy per spin (relative to the parallel magnetized
state) for the HWP an then be approahed by
eHWP =
π2
3
− κ+ δ/lw + 2 lw(κ− π
2/3)
h
− 4
h
ln
(
3 πh
10 lw
)
. (26)
Minimizing Eq.(26) with respet to the variational pa-
rameters h and lw (using Eq.(24)) leads to:
h =
10
3π
lw exp
[
δ
2lw
]
, (27)
with
lw =
δ
2 +
√
4 + 2(κ− π2/3)δ , (28)
0 2 4 6 8
x
Mz(x)
0.5
1
FIG. 5: (Color online) Magnetization prole in a saturated
state (θ = pi/2 and w > 1) for δ = 8 and η = 7. Blak symbols
orrespond to the MC simulations (M0 = 0.999 and h = 20).
The full red line orresponds to the YG approximation for the
SWP (M0 = 0.98, w = 6.7 and h = 20). The blak dashed
line is a t using a hyperboli tangent funtionM0 tanh(x/lw)
(M0 = 0.993 and lw = 1.48).
FIG. 6: (Color online) Zero temperature phase diagram for
large values of δ. The shaded region orresponds to the
Canted state. Symbols orrespond to MC simulations and
lines to theoretial results. The dashed line orrespond to the
rossover between sinusoidal and hyperboli wall struture.
The lower line (blue) orresponds to Eq.(19). The middle
line (red) is obtained from the HWP minimum energy solu-
tion with θ = 0.01. The upper line (blak) orresponds to
Eq.(33).
in agreement with a derivation made by Politi
18
.
With the previous alulation we an also estimate
the transition line between the saturated and the Ising
Striped state. In the large h limit the energy for a SIP,
i.e. for
8φ(x) =
{
0 if 0 ≤ x ≤ h/2
π if h/2 < x ≤ h (29)
an be easily alulated from Eq.(14). The Fourier oef-
ients an be obtained as the ∆→ 0 limit of Eq.(A11):
bm = (−1)(m−1)/2 4
πm
. (30)
Using Eq.(10) the dipolar energy is then given by
edip ∼ π
2
3
− 8
h
2h−1∑
m=1,3,...
1
m
+
4
h
∼ π
2
3
+ 4
ψ(h)− β
h
, (31)
where β ≡ γe + ln 4 − 1, γe ≈ 0.577216 is the Euler
gamma onstant and ψ(x) is the digamma funtion33.
The energy per spin respet to the inplane magnetized
state is then given by
eI = −κ′ + π
2
3
+
2 δ′ − β
h
− 4ψ(h)
h
(32)
Minimizing Eq.(32) with respet to h leads to the equa-
tion δ′/2 − β = F (h), where F (h) = ψ(h) − hψ′(h) ∼
lnh−1, thus reovering the known result h ∼ eδ/2. Com-
paring the energies, we nd that the HWP has less en-
ergy than the Ising state for any value of η. Eq.(27)
shows that the stripe width variation in the Saturated
state is determined by the hange in the wall width as
the anisotropy inreases. Hene, h will hange until the
wall width reahes the atomi limit, i.e. for lw = 1, where
Eq.(27) reovers the Ising behavior h ∼ eδ/2. Imposing
the ondition lw = 1 to Eq.(28) we obtain the transition
line between the Saturated and the Ising Stripes states:
η =
1
2
δ − 2 + π
2
3
+ 3g − 2(c2 − c1), (33)
whih is also shown in Fig.6, in omplete agreement with
the MC results.
In Fig.7 we show the variation of stripe width h vs. η
for dierent values of δ in the HWP, omparing the varia-
tional solution from Eqs.(21) and (23) using the approxi-
mation of Appendix D and the asymptoti approximation
given by Eqs.(27) and (28). In Fig.8 we ompare the equi-
librium stripe width h as a funtion of η obtained within
the dierent approximations used in this work for δ = 10
and with the MC simulations. Notie that the asymp-
toti approximation for the HWP given by Eqs.(27) and
(28) shows a better agreement with the MC results than
using the approximation (D1) for the Fourier oeients
in the dipolar energy. This is beause we adjusted the
tting parameter f to optimize the agreement with the
MC results at low values of δ. From Fig.7 we see that
the disrepany between both approximations beomes
negligible in the large δ limit.
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 δ = 80
FIG. 7: (Color online) HWP equilibrium stripe width h vs.
η for dierent values of δ. Full green lines orrespond to the
variational solution of Eqs.(21) and (23) using the approxi-
mation (D1) for the Fourier oeients in the dipolar energy.
The dotted lines orrespond to the asymptoti approximation
given by Eqs.(27) and (28). The dash-dotted line orresponds
to the SRT borderline given by Eq.(19) with h = δ. The
dashed line orresponds to the borderline between Saturated
and Ising Stripes states.
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FIG. 8: (Color online) Comparison of the equilibrium stripe
width h vs. η obtained within the dierent methods for
δ = 10. Symbols orrespond to MC simulations. Full blak
line orresponds to the asymptoti approximation for the
HWP given by Eqs.(27) and (28). The red dashed line or-
responds to the variational solution of Eqs.(21) and (23) us-
ing the approximation (D1) for the Fourier oeients in the
dipolar energy. The blue dotted line orresponds to the on-
tinuous SWP. The vertial dashed line orresponds to the
transition between Saturated and Ising Stripes states given
by Eq.(33).
9IV. DISCUSSION AND CONCLUSIONS
The main results of this work are summarized in Figs.1
and 6, whih display the omplete zero temperature
phase diagram of the model dened by the Hamilto-
nian (1). Working upon reasonable assumptions for the
ground states, like perfetly straight modulations in one
dimension and Bloh domain walls, we analyzed mini-
mum energy ongurations ombining a variational anal-
ysis with Monte Carlo results. We nd four qualita-
tively dierent kinds of solutions: a planar ferromagnet
for small anisotropies, and three types of perpendiular
striped states: a anted state where the loal magnetiza-
tion has a nite in-plane omponent, a saturated state in
whih the in-plane omponent is restrited to the domain
walls, and an Ising stripe state with sharp walls for large
anisotropies.
The anted and staturated states give valuable in-
formation on the behaviour of the stripe width as the
anisotropy and exhange parameters hange, a still open
and debated question
5,9
. We nd that stripe width vari-
ation is diretly assoiated to the presene of nite width
domain walls. For large enough values of the anisotropy η
the ground state of the system is always an Ising Striped
state, no matter the value of the exhange oupling δ. In
those states domain walls are sharp and the stripe width
is ompletely independent of η. It grows exponentially
with the exhange oupling.
At the SRT the system always passes through a anted
state as the anisotropy inreases, although the range
of values of η where the anted angle is dierent from
zero narrows as δ inreases. The exhange to dipo-
lar oupling ratio in f Fe based ultrathin lms an
be roughly estimated to be δ ∼ 100 (onsidering a u-
bi bilayer of Fe/Cu(100), where
4
the exhange oupling
JFe ∼ 30meV , the lattie onstant dFe ∼ 2ML and34
µFe ∼ 3µB). For δ ∼ 100 the anisotropy interval for
the anted phase is approximately ∆η = η− ηSRT ≈ 0.2.
Although narrow, this suggests that the anted phase
should be detetable lose enough of the SRT, in systems
like low temperature grown
35
Fe/Cu(100) or Fe/Ni/Cu
lms
5
(room temperature grown Fe/Cu(100) do not ex-
hibit SRT
7
, suggesting a rather large value of the miro-
sopi anisotropy).
For δ < 6 stripe width variation appears always to-
gether with a varying anted angle. Close enough to the
SRT domain walls present a sinusoidal shape in agree-
ment with YG results, but as the anisotropy and the ex-
hange inrease, the wall prole hanges to a hyperboli
tangent shape, as expeted from miromagneti alu-
lations, while the magnetization inside the domains be-
omes fully saturated. For δ > 6 the ground state is given
by the Saturated State, exept very lose to the SRT. A
similar eet (i.e. a rossover between a sinusoidal and
a saturated magnetization prole) has been observed in
room temperature grown f Fe/Cu(100) ultrathin lms,
as the temperature dereases from Tc, even though those
systems do not present SRT
9
.
In the Saturated state, the stripe width inrease with
η is diretly related to the wall width derease through
the relation h ∼ eδ/2lw . The wall width in turns is
determined by the ompetition between exhange and
anisotropy. One the anisotropy is large enough that the
wall width reahes the atomi limit, h growth stops. One
may wonder whether a similar mehanism ould be be-
hind the stripe width variation with temperature.
Besides its diret appliation to real systems, know-
ing the ground state of this system for arbitrary values
of the exhange oupling is of fundamental importane
to have a orret interpretation of Monte Carlo simula-
tion results. Being one of the more powerful tools to
analyze these kind of systems at the present (speially
at nite temperatures), it is basially limited by nite
size restritions, whih implies relatively small values of
δ (the harateristi length h of the problem grows expo-
nentially with δ at low temperatures).
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APPENDIX A: YAFET & GYORGY
APPROXIMATION
We briey review in this appendix the derivation of
the main results of YG approximation
13
.
1. Energy per spin (Eq.(3))
The expression for the exhange and anisotropy ener-
gies per spin from Eq.(1) in terms of the one dimensional
magnetization prole
~M(x) is straightforward:
eex+ ean = −δ− δ
L
∑
x
~M(x). ~M(x+1)− η
L
∑
x
[Mz(x)]
2
(A1)
The dipolar energy per spin an be expressed as edip =
esdip + e
int
dip, where e
s
dip is the self-interation energy (i.e.,
the sum over x of the interation energy between spins
belonging to the same line at x) and eintdip is the intera-
tion energy between all dierent pairs of lines. The self
interation term is given by
13
esdip = −2 g +
3 g
L
∑
x
[Mz(x)]
2
(A2)
with
10
g =
∞∑
n=1
1
n3
= ζ(3) = 1.202057 (A3)
where ζ(x) is the Riemann Zeta funtion. The interation
term an be expressed as
eintdip =
1
L
∑
x 6=x′
Eintdip(x, x
′) (A4)
where the sum in the above expression is taken over all
values of (x, x′) suh that x 6= x′. The interation energy
between two lines loated at x and x+ n is given by
Edint(x, x + n) = M
z(x)Mz(x+ n)f1(n) +M
y(x)My(x+ n) (f1(n)− 3 f2(n)) (A5)
where
f1(n) =
1
2L
∑
y,y′
1
[n2 + (y − y′)2]3/2
(A6)
f2(n) =
1
2L
∑
y,y′
(y − y′)2
[n2 + (y − y′)2]5/2
(A7)
In the limit L → ∞ the sums in Eqs.(A6) and (A7)
an be evaluated using a ontinuum aproximation
13
giv-
ing f1(n) ∼ 1/n2 and f1(n) − 3f2(n) ∼ 0. For n > 1
the error in this approximation is smaller than 0.1%.
For n = 1 they an be evaluated numerially giving
f1(1) = 1.01243 . . . and f1(1) − 3f2(1) = 0.07276 . . ..
Then, Eq.(A5) an be written as
Eintdip(x, x+ 1) = M
z(x)Mz(x+ 1) + c1 ~M(x). ~M (x+ 1)
+ (c2 − c1)My(x)My(x+ 1). (A8)
where c1 = f1(1)− 1 and c2 = f1(1)− 3f2(1). Finally
eintdip =
1
L
∑
x 6=x′
Mz(x)Mz(x′)
|x− x′|2
+ 2c1
1
L
∑
x
~M(x). ~M(x + 1) + C [My(x)] (A9)
where C [My(x)] is given by Eq.(4). Putting all these
terms together we get Eq.(3).
2. Variational equations for a striped
magnetization prole with sinusoidal wall (SWP) in
the ontinuum limit
In the ontinuum limit h ≫ 1 and w ≫ 1 (δ ≫ 1)
Eq.(14) an be written as
e
[
~M, δ, η
]
= δ − δ 1
L
∑
x
cos (φ(x) − φ(x+ 1)) +M20
∑
m=1,3,...
b2mDm(h)−
κM20
2
∑
m=1,3,...
b2m (A10)
where κ = η−3 g+2(c2−c1) and the funtions Dm(h) are
given in Eq.(10). From Eqs.(15) the Fourier oients bm
in this limit are given by
13
bm = (−1)(m−1)/2 4
πm
1
1−m2∆2 cos
(
πm∆
2
)
(A11)
and
13
∑
m=1,3,...
b2m = (2 −∆) (A12)
with ∆ = w/h. The dipolar energy term in Eq.(A10) an
be approahed by
13
∑
m=1,3,...
b2mDm(h) =
[
π2
6
(2−∆)− π k
2
G(∆)
]
(A13)
11
where we have used Eq.(A12), the uadrati term in
Eq.(10) has been negleted, k ≡ π/h and
G(∆) ≡
∑
m=1,3,...
mb2m(∆) (A14)
Assuming a smooth prole inside the walls |φ(x)−φ(x+
1)| ≪ 1 the exhange term in Eq.(A10) an be ap-
proahed by
eexc ≈ −δ + δ∆
2w
w∑
x=1
(
dφ(x)
dx
)2
(A15)
Taking cos(φ(x)) = cos(θ) cos(πx/w) in the region inside
a wall and replaing the summation in Eq.(A15) by an
integral we have that
eexc = −δ + δ k
2
2∆
(1− sin θ) (A16)
Replaing Eqs.(A12), (A13) and (A16) into Eq.(A10)
we get
eSWP =
δ
2∆
k2(1− sin θ) + γ
(
1− ∆
2
)
cos2θ − π k
2
G(∆) cos2θ (A17)
where γ = π2/3−κ. Minimizing Eq.(A17) respet to the
variational parameters (θ,∆, k) we get
δ k
∆
(1− sin θ) = π
2
G(∆) cos2 θ (A18)
δ k2
∆2
(1− sin θ) = −
[
γ + π k
dG
d∆
]
cos2 θ (A19)
δ k2
2∆
cos θ = −
[
2γ
(
1− ∆
2
)
− π k G(∆)
]
sin θ cos θ
(A20)
Notie that The fully saturated state θ = 0 is never a
solution of the above equations, exept in the limit k → 0
(or ∆→ 0), whih orresponds to δ →∞. On the other
hand, the planar ferromagneti state θ = π/2 (e = 0), is
always solution of the above equations. For θ 6= π/2, the
variational equations redue to Eqs(17).
Close to the SRT (i.e., the transition between a state
with θ = π/2 and one with θ 6= π/2) we an assume
cos θ = s ≪ 1 and therefore 1 − sin θ = 1 − √1− s2 ∼
s2/2. Replaing into Eqs.(A18)-(A20) they beome
k =
π∆
δ
G(∆) (A21)
δ k2
2∆2
= −
[
γ + π k
dG
d∆
]
(A22)
independent of s, while Eq.(A20) beomes identially
zero in the limit s → 0 (SRT). Replaing Eq.(A21) into
Eq.(A22) we nd
κ
π2
=
1
3
+
G(∆)
2δ
[
G(∆) + 2∆
dG
d∆
]
(A23)
BothG(∆) and the expression between square brakets
in Eq.(A23) are monotonously dereasing funtions of
13
∆. Sine the maximum allowed value is ∆ = 1 (whih
orresponds to w = h. i.e., pure sinusoidal prole), the
minimum value of κ = κmin for whih a domain solution
exists orresponds to ∆ = 1. Using that13 G(1) = 1 and
(dG/d∆)∆=1 = −1 we have
κmin = π
2
(
1
3
− 1
2δ
)
(A24)
From Eq.(A21) this orresponds to k = π/δ or h = δ.
Replaing these values into Eq.(18) we see that in the
limit κ → κmin we have that sin θ → 1. Also from
Eq.(A17) we see that in this limit the planar ferro-
magneti and the domain solutions beome degenerated.
Hene, this point orresponds to the SRT and the SRT
line in the (η, δ) spae is given by Eq.(19).
APPENDIX B: EXACT ENERGY EVALUATION
FOR A STRIPED MAGNETIZATION PROFILE
WITH SINUSOIDAL WALL (SWP) IN A
LATTICE
It is easier to arry out this alulation by onsidering
a prole whose wall starts at x = 0, i. e.
M(x) =
{
M0 cos
(
pix
w
)
if 0 ≤ x ≤ w
−M0 if w ≤ x ≤ h (B1)
where h = 1, 2, . . . and w = 1, 2, . . . , h. The pro-
le Eq.(15) is related to the previous one by Mz(x) =
Mz (x− (h− w)/2). The prole (B1) an be expanded
as
12
M(x) =
M0
2h
2h+1∑
m=1,3,...
cme
ipim
h
x. (B2)
so the oeients bm of the expansion (7) are given by
bm =
1
2h
R
[
cm e
ipim (h−w)/2h
]
(B3)
where R[z] stands for the real part of z. The oeients
cm are given by
cm =
1
M0
2h∑
x=1
Mz(x) e−i
pim
h
x = 2
w−1∑
x=0
cos
(πx
w
)
e−i
pim
h
x − 2
h−1−w∑
x=0
e−i
pim
h
(x+w)
(B4)
The summations in Eq.(B4) an be arry out expliitly
obtaining
cm = f
+
m + f
−
m + f
0
m (B5)
where
f±m ≡
w−1∑
x=0
(
eipiα±
)x
=
{
1−eipiα±w
1−eipiα±
if eipiα± 6= 1
w if eipiα± = 1
(B6)
with α± =
(± 1w − mh ) and
f0m ≡ −2
h−1−w∑
x=0
e−i
pim
h
(x+w)
= 2
eipimw/h + 1
e−ipim/h − 1 (B7)
The dipolar energy an then be evaluated from Eqs.(9)
and (10). The anisotropy energy an be easily alulated
and gives
ean =
{ −κM20 if w = 1
−κM20
(
1− ∆2
)
otherwise
(B8)
The exhange and orretion terms in Eq.(14) an be
expressed as
eexc = −δ′ 1
h
w−1∑
x=0
~M(x). ~M(x+ 1)− δ′(1−∆)M20 (B9)
C [My(x)] =
2(c2 − c1)
h
w−1∑
x=0
My(x)My(x+ 1)
+ 2(c2 − c1)(1 −∆) (1−M20 ) (B10)
The summations in the above equations involve a nite
number of terms that an be omputed expliitly.
APPENDIX C: ZERO TEMPERATURE MONTE
CARLO TECHNIQUE FOR STRIPED DOMAIN
PATTERNS
In order to hek the dierent striped proles used to
minimize the energy of the system, we implemented a
simulated annealing protool, based on Metropolis dy-
namis. The temperature was dereased down to zero at
a onstant rate T (t) = T0 − r t, where the time is mea-
sured in Monte Carlo Steps. All the simulations are made
starting from a planar ferromagneti state with T0 = 1
and r = 10−4. Every simulation is repeated 100 times us-
ing a dierent sequene of random numbers, to hek for
possible trapping in loal minima. Sine we are onsider-
ing only periodi straight domains with Bloh walls, the
problem is basially one dimensional and we an restrit
the searh to a one dimensional pattern over the x dire-
tion xing Mx(x) = 0 and imposing periodi boundary
onditions (PBC) in the y diretion. We also use PBC in
the x diretion. In other words, we simulated a a lattie
with Lx × Ly with Ly = 1 and PBC, whih are imple-
mented by means of the Ewald sums tehnique. For every
set of values of (δ, η) we hek the results for dierent val-
ues of Lx in order to avoid artiial frustration. We also
performed some omparisons with MC results in a square
Lx = Ly lattie; the results were indistinguishable. This
ansatz allows us to obtain MC results for values of δ up
to δ = 8 (for whih the maximum equilibrium value is
h = 48).
APPENDIX D: FOURIER COEFFICIENTS FOR
THE HYPERBOLIC TANGENT WALL PROFILE
(HWP)
The funtion tanh(x) is very well approximated by
tanh(x) =
{
x(1 − x23 ) if 0 ≤ x ≤ 12
(1− e−2x)2(1 + e−4x) if 12 ≤ x
(D1)
Then the Fourier oeients bm for the prole Eq.(20)
an be expressed as bm = b
1
m + b
2
m, where
13
b1m =
4
hr
∫ 1/2
0
x(1− x
3
3
) sin
(
mπx
hr
)
dx (D2)
and
b2m =
4
hr
∫ hr/2
1/2
(1 − e−2x)2(1 + e−4x) sin
(
mπx
hr
)
dx
(D3)
where hr ≡ h/lw. Both integrals an be solved ana-
lytially, leading to rather long expressions that an be
handled with symboli manipulation programs.
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